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The conditions of formation of spontaneous polarization phase transition to the superra-
diance regime in the inverted system of nonrelativistic electrons on equidistant Landau levels
in rareed magnetized plasma are found. The opportunity of realization of such conditions in
the lower Jupiter magnetosphere is shown. The eect of cyclotron superradiance on Landau
levels gives a key to interpretation of a nature of the super-power radioemission of the system
Jupiter-Io.




The phenomenon of superradiance (SR) was considered rst time in known Dicke work
[1] on the example of two-level model. Now rather signicant literature (see for example,
reviews [2,3,4]) is devoted for it, but as it is marked by many authors, the theme is farly from
being exhausted, many interesting and physically important questions and situations remain
not investigated. One of them is the question of an opportunity of SR realization in systems
with equidistant levels at presence of inversion. The system of fast electrons in a homogeneous
magnetic eld for which the cross movement (rotation) energy spectrum is described by known
Landau levels is the most easily realizable and important of such systems [5]





The question of an opportunity and conditions of SR formation in such systems, besides general
physical interest, represents also the great astrophysical interest because the inversion at Landau
levels is easily achieved in rareed magnetized plasma of active space objects at occurrence
of bunches of accelerated electrons, if their initial speeds are directed under some corner to a
magnetic eld and so besides longitudinal energy Ek they have also a signicant cross energy E?.
For example, in the Jupiter magnetosphere [6,7] observable super-power sporadic nonthermal
decameter radiation of Jupiter-Io system with brightness temperature up to 10 15 1017 K can
serve the evidence of possible realization of such situation and generation of SR.
In the present work the question of an opportunity and conditions of SR formation in the
inverted system of electrons on high Landau levels (1) with n  1 and a possibility of realization
of these conditions in the lower Jupiter magnetosphere are investigated. As it is known, for
generation of the induced coherent radiation in systems like masers the equidistancy of levels
is an obstacle because of specic competition of radiation and absorption processes in this
case. In a case of SR we deal not with induced, but with spontaneous radiation and here,
as we shall see, equidistancy appears of advantage. This is, rst, because the SR regime is
usually realized in open nite systems without mirrors when radiation leaves active volume of
generation quickly enough, practically having no time to get in absorption regime [3]. Second,
in this case all inverted electrons occupy, as a rule, not one level, but some signicant interval
of high levels 4n(n  4n  1),and because of equidistancy, all of them radiate the same
mode on frequency (2), and also, as we shall see, in the same rate, not depending from initial
energy.
The phenomenon of SR arises when in "coherence domains", with sizes R0, smaller then a
wave length λ, all N0 radiating dipoles gradually, during radiation, are aligned in one direction
due to the dipole - dipole interaction between them in a "near zone" (R0  λ), so that in
result the total dipole of the domain
−!
D appears in N0 times larger then an elementary dipole−!
d . Therefore the intensity of collective dipole radiation becomes proportional to N20 - as against
of N0 in the case of radiation of noncorrelated dipoles. This is described in section 2.
The transition in such correlated, polarized state is similar to phase transition in magnetics
or ferroelectrics, and for its description it is convenient to use a Weiss method of mean self-
consistent eld [8]. This theory is developing in section 3. Let’s note, that the considered phase
transition is nonequilibrium one and it has all features of the self-organizing phenomenon in
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dissipative systems. In section 4 the key role of SR eect for interpretation of observable power
of Jupiter-Io system decameter radiation is discussed.
2. Cyclotron superradiance on Landau levels .
Levels (1) at high n are corresponded to quantum states with wave functions located near




















In this connection we can proceed to (quasi-) classical description of such states and transitions
between them. In a classical limit in coordinate system in which longitudinal movement is
excluded these orbits are given as
−!r ?(t) = rLfcos(ωt + α), sin(ωt + α), 0g, (4)
where in braces the cartesian components of the vector −!r ? are written out.
Being inverted in the beginning on high levels, electrons start to fall downwards step by
step on the stair (1), radiating quants with frequency (2). Dierential (on corners) and integral





















From (6) the following evolution law of electron energy follows
dE?(t)
dt






E?(t) = E?(0) exp(−t/τ). (8)
We see, that time of radiation τ does not depend from E?, i.e. electrons with various (within
the limits of dispersion 4E?(0)  E?(0)) initial energies will fall downwards at the same rate.
It is easy to see, that at the same rate the dispersion of energy will decrease also,
4E?(t) = 4E?(0) exp(−t/τ), (9)
so that the relation is true
4E?(t)/E?(t) = Const  1. (10)
This allows to judge about evolution of whole collective of electrons by evolution of their
average energy and other average quantities. Therefore, for simplicity, we shall understand
further under the symbols E?, V?, d0 = erL = eV?/ω their average values over ensemble of
inverted electrons.
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It is possible to divide the total volume V , occupied by N inverted electrons, on subvolumes
Vcoh, or "coherence areas", which sizes R0 are smaller in comparison with radiated wave length
λ, but are greater in comparison with radiuses of Larmor orbits (3), describing the sizes of
elementary dipoles
rL  R0  λ. (11)
Thus a big enough number of N0 radiating dipoles will be in volume Vcoh
neV = N  N0 = neVcoh  1. (12)





























By substituting here (13) and (4) and averaging over the period T = 2pi/ω we have
< cos(ωt + αi)cos(ωt + αj) >= cos(αi − αj)/2,
< sin(ωt + αi)sin(ωt + αj) >= cos(αi − αj)/2,







































































The multiplier (1+n2z)/2 reflects the anisotropy properties of dipole radiation of nonrelativistic
electrons. The second member in square brackets describes the correlation eects connected
with mutual aligning of dipoles. If correlations are not present, i.e. contributions of all cos(αi−
αj) are mutually compensated and in the sum give zero, then in (18) the rst member works
only, that corresponds to the total radiation of N0 independent elementary dipoles. It is easy
to specify the situations when the second member in (18) completely compensates the rst so,
that any dipole radiation do not arise. These are, certainly, the situations when total dipole
moment
−!
D becomes equal to zero. Let‘s take for example a case when N0/2 dipoles were built
strictly in one direction, and the others N0/2 in opposite. Then correlations of pairs in each of
these groups are constructive and give cos(4α) = 1; there are N0(N0/2−1)/2 such pairs in one
group and as much in another, i.e. their common positive contribution is equal to N0(N0/2−1).
Correlations between dipole pairs of dierent groups are destructive and give cospi = −1 so,
that the contribution of such pairs is, obviously, equal to −2(N0/2)2. Summarizing these
contributions with the rst member in (18), we receive: N0 + N0(N0/2− 1)− 2(N0/2)2 = 0, as
well as it should be from physical point of view, because we have taken a case with
−!
D = 0.
In the case of full correlation, when all cos(αi − αj) = 1 the formula (18) gives










i.e. in comparison with radiation of N0 noncorrelated dipoles the intensity grows in N0 times.
This is just SR [1].
Radiation time of such correlated dipoles radiating coherently will decrease in N0 times in
comparison with time (7)
τcoh = τ/N0. (20)
Really it is possible to expect only partial positive correlation of phases, i.e. partial aligning
of all dipoles, when the average over ensemble value of cosine is positive
< cos(αi − αj) >< cos4α > > 0. (21)











In this case the intensity of coherent radiation is proportional to N20 < cos4α >.
We proceed now to consideration of the mechanism of spontaneous aligning of the dipoles
giving rise to SR regime.
3. Polarization phase transition in ”coherence domains”.
To solve the problem of the phase transition we apply here the Weiss method of self-
consistent mean eld [8] approved in the theory of spontaneous magnetization. Let‘s consider
the potential energy of trial dipole
−!
d 0(
−!r 0, t) with the electric eld −!E (−!r 0, t), created at a
point −!r 0 by the other (N0 − 1) dipoles




E (−!r 0, t) =
N0−1∑
j
3−!n j(−!n j  −!d j(t))−−!d j(t)
j−!r 0 −−!r jj3 , (24)
−!n j = (−!r 0 −−!r j)/j−!r 0 −−!r j j.
All dipoles rotate under the law (4) and radiate, and their electric eld is not static but also
rotates with frequency ω. So the use of expression (24) for a eld
−!
E (t) demands the explanation.
The matter is that the conditions (11), determining the "coherence volume" , mean that various
dipoles of the domain are relative each other in a so-called near zone (R0  λ), where the main
member in decomposition of retarded potentials and elds on degrees of small parameters
(rL/R0) and (rL/λ) appears just expression (24) (see to this occasion, for example, [9]).
Averaging (23) over the rotation period, we notice, that points −!r 0 and −!r j characterize
not instant positions of rotating electrons, but positions of the motionless rotation centers and
consequently do not depend on time. Having substituted (24) in (23) and having averaged over
the period, we receive







j−!r 0 −−!r jj3 cos(α0 − αj), (25)
where d0 = erL, njz = (z0−zj)/j−!r 0−−!r j j and the relation 3[n2jx + n2jy]− 2 = 1− 3n2jz is used.
It is possible to replace the sum (25) approximately by the integral over coordinates rj in limits
of " coherence volume " Vcoh with an obvious measure nedVj, representing a mean number of
dipoles in the element of volume dVj  (d−!r j) in a vicinity of a point −!r j. But before writing
out this integral, we notice, that because position of our trial dipole
−!
d 0(−!r0 , t) should not be
prefered it is necessary to average (25) over this parameter, i.e. to enter additional integration
(d−!r0 )/Vcoh. Besides, in spirit of an mean eld method, we replace cos(α0 − αj) in (25) with its
value < cos4α > averaged over ensemble . After all these averagings we get the expression








d−!r j 1− 3(njz)
2
j−!r 0 −−!r jj3 . (26)














Aligning of dipoles over the directions is energetically favourable because of increasing thus of
the negative contribution to potential energy < U >. Therefore, the energetically preferable
correlations will occur only in that part of "coherence volume" where the area of integration
over relative coordinates satises the condition
r2 − 3z2 > 0, (28)
i.e. in the area like a flattened out circular cylinder. We shall name this part of coherence
area as a "coherence domain" or otherwise as a "domain of self-polarization". In the similar
next domain the direction of an average vector of polarization should be close to opposite to
6
minimize the positive energy of electric eld of polarization in the system as a whole. It is known
that by virtue of the similar reason the macroscopical volumes of magnetics and ferroelectrics
are broken into domains also. Adjacent domains are separeted by transition regions ("domain
walls") within the limits of which the turn of polarization vector occur.
We return now to an estimation of integral in (27) with constraint (28). It is convenient to
calculate it in cylindrical coordinates (ρ, z, ϕ), in which
r2 = ρ2 + z2, r2 − 3z2 = ρ2 − 2z2 > 0. (29)
















Integration over z in the specied limits gives 2/3
p






























 d20ne < cos4α > . (32)
Now we consider a question about the minimal and maximal limits (ρ1, ρ2) over relative
coordinate ρ =
√
(x1 − x2)2(y1 − y2)2 in a plane between two dipoles in the coherence domain.
We remind, that the characteristic sizes of initial " coherence volume " were determined by
conditions (11): rL  R0  λ. The inequality (29) means that in relative coordinates " the
coherence domain " has the form of flattened out circular cylinder with radius 2R0. Hence, the
maximal value of ρ is ρ2 = 2R0, the minimal value of ρ1 should be taken about double Larmor
radius ρ1  2rL, because at smaller distances between dipoles centers the interaction between
pair of electrons does not carry dipole character any more and it is impossible to use dipole
formulas. It must be noted that at conditions considered here, Debay screening radius occur
a bit smaller than rL. Thus, we can write ln(ρ2/ρ1)  ln(R0/rL). As the ratio R0/rL enters
under a sign of logarithm, the result is poorly sensitive to exact value of this ratio. Thus, taking
into account also a condition R0  λ, we can substitute R0 here by the quantity of the order



























Inequalities (11), hence, at this stage refract into condition
E?  mc2/5  100kev. (34)
With the account of (33) the expression (32) takes the following form









d20ne < cos4α > . (35)
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To nd the < cos4α >, we address now to Weiss method [8]. For this purpose in the
beginning it is necessary to consider the response of our system of rotating dipoles in plane
(x, y)
−!
dj = d0fcos(ωt + αj), sin(ωt + αj), 0g (36)
to the external homogeneous electric eld
−!
Ee = Eefcos(ωt + α0), sin(ωt + α0), 0g (37)
rotating synchronously with dipoles. The potential energy of a dipole
−!
dj in this eld, averaged
over the period of rotation, is
U = −−!dj (t)  −!Ee(t) = −d0Eecos(αj − α0). (38)
Thus, it is seen that the aligning of dipoles along the eld with radiation of released energy is
energetically favourable. The thermal fluctuations resist to this tendency. They are realized in
rareed magnetized plasma mainly in the form of plasma fluctuations and Alfven waves . The
distribution over the phase dierences 4α = αj − α0 is given thus by Bolzman formula


























where I0(x) is a modied Bessel function of a zero order [10]. Mean value of < cos4α > is





















x = d0Ee/kT. (42)
So, the external eld Ee induces the nonzero correlator (41), i.e., otherwise, polarizes the
system. Polarization measure is a mean dipole moment of unit volume
P = ned0 < cos4α > . (43)
Polarization generates an additional internal electric eld
Ep = ν  P , (44)
8
where ν - some dimensionless parameter which we‘ll dene later. The eld Ep, in turn, strength-
ens the polarization. This feedback eect will be taken into account, if in (42) we replace Ee
by the sum Ee + Ep = Ee + νP , that corresponds to the ideology of self-consistent mean eld
by Weiss. In result, we receive the nonlinear equation for determination of polarization P
P = ned0 < cos4α >= ned0F
(




F (x) = I1(x)/I0(x). (46)









We consider now the conditions of existence of its nontrivial solution. Having entered a





Function F (z) has asymptotes [10]
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, (z  1). (50)














To determine threshold value of electron density, higher of which a nontrivial solution of the
equation (47) - (48) appears, it is necessary to consider the asymptotic (50). Being limited by






z, (z  1). (53)











At ne  nec a nontrivial domain self-polarization appears.
To dene the factor ν it is necessary to compare the expression for potential energy following
from (43), (44) and (38)
< U >= −νned20 < cos4α > (55)


















For an estimation, for example, having taken E? = 1kev, we receive ν  5.56.
















In a result, the criterion of occurrence of domain self-polarization of the inverted electron system















4. Problem of power of Jupiter decameter radiation.
For an illustration of criterion (58) working we consider the values of parameters included
in (58) which are characteristic for lower magnetosphere of the active system Jupiter - Io at the
base of so-called "Io flux tube" where, under observations, one of sources of powerful decameter
radiation is located [7]. Characteristic values of parameters here are those: H  10 Gs; T 
103K, E?  1kev. Having substituted these values in (58), we nd critical density of inverted
electrons (ne)c, higher of which the criterion (58) will be satised: ne  (ne)c = 2  103 cm−3.
This rather modest requirement to the density of inverted fast electrons at the base of Io flux
tube which can be easily satised, so there are all bases to believe that sporadic super-power
decameter radiation of the Jupiter - Io system can be related with SR generation.
Let’s consider this question more in detail. We shall notice at once that as in SR regime
energy E?(t), included in (58), quickly decreases, density ne satisfying the criterion (58) at
E? = E?(0) can cease to satisfy to it with reduction of E?(t). Therefore, for eective and
enough long working of SR regime, obviously, great enough excess of ne above nec  2  103 cm
−3 is necessary. We consider therefore that at transition to SR regime electrons at the base of
Io flux tube near Jupiter magnetic pole should have density ne  104 cm −3.
Under basic version [ 6,7 ] accepted now, the streams of energetic electrons appear near
Jupiter magnetic poles due to their acceleration up to several kev in Io ionosphere and the
further movement to the Jupiter along magnetic eld lines of dipole elds. Acceleration of
electrons is provided by inducing in Io body and ionosphere of electromotive force  400 kv,
due to Io movement across Jupiter magnetic eld. Magnetic eld lines of Io flux tube converge
to Jupiter magnetic poles. So, an initial area of acceleration of electrons in Io ionosphere
S0  1016  1017cm2 will be "projected" by magnetic lines into smaller, approximately of two
orders, area S1  10−2  S0  1014  1015 cm 2 near Jupiter poles. Therefore, the supercritical
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density of inverted fast electrons ne  104 cm−3, necessary for occurrence of SR, will be provided
by initial density n0  102 cm−3 near Io. It is quite acceptable value in view of the known data
about Io and its ionosphere [11].
Electrons moving along the Io flux tube in the beginning have density below critical value
and so radiate rather poorly. But near Jupiter magnetic poles the density of electrons reachs the
supercritical values and they pass to SR regime. Thus, in this region the intensity of collective
cyclotron radiation grows approximately of ten orders (N0 = ne  Vcoh  1010), that provides
observable huge power of decametric radiation from rather small volume of the circumpolar
area occupied by a source [7]. The separate work will be devoted to more detail calculation of
the power and also to interpretation of rather unusual dynamic spectra of Jupiter-Io system
decametric radiation within the framework of the given model.
Work is supported in part by National scientic fund of Switzerland in frameworks of
SCOPES.
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